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XXIV. On the Calculus of Symbols. — Third Memoir. By W. H. L. Kussell, Esq., A.B. 

Communicated by A. Catljby, F.B.S. 

Eeceived May 15,— Eead May 21, 1863. 

Ik my second Memoir " On the Calculus of Symbols," I worked out the general case of 
multiplication according to one of the two systems of combination of non-commutative 
symbols previously given. In the present paper I propose to investigate the general 
case of multiplication according to the other system. I commence with the Binomial 
Theorem, to which the second system gives rise. In my previous researches I obtained 
the general term of the binomial theorem when the symbols combine according to the 
first system by equating symbolical coefficients ; here, on the other hand, I consider the 
nature of the combinations which arise from the symbolical multiplication, and obtain 
the general term by summation. I next proceed to the multiplication of binomial 
factors. Here the general term is obtained by considering the alteration of weight 
undergone by certain symbols in the process of multiplication. The multinomial theo- 
rem according to the second system is next considered and its general term calculated. 
I conclude the memoir with some applications of the calculus of symbols to successive 
differentiation. This paper completes the investigation of symbolical multiplication and 
division according to the two systems of combination, the general case of division having 
been worked out by Mr. Spottiswoode in a very beautiful memoir recently published in 
the Transactions of this Society. 

I shall commence with expanding the binomial (v+0(g)) n in terms of v. 

I shall put I in place of the symbol g ~ , and write a tti for a, — , — , «-«! + ! . 

NOW (T + 6qf= T 2 + 6g . 9 + x6g + 6(g)*, 

(r + dgf= T 3 + (w 2 % + w&g * + 6gv*) + (6 fv + 6g*6g + *6£) + Gg*. 
Hence we evidently have 

(T+%) re ==5r"+S(^- I %) + S(^- 2 ^ 2 )+S(^- s ^ 3 )+ , 

where X{^Gg r ) denotes the sum of all the factors in which the symbol (w) occurs (m) 
times and the symbol (6g) (r) times irrespective of position. 
Now if a+bz=-m, 

ir b dgr a =dgT m +bMgr m - 1 +b a &dgir m -*+b£ s dgir m - 3 + . . . 
Again, if a-\-b+c=m, 

<^6gT b 6gv a =6g*if , +b l 6gl6gK m - l +bJgtfdgx m -* +b 3 dg&*dgj?- 3 +.. 
+e&£*— 1 +b i cM$0gx m -*+b 2 cMi&0g* m - a + . ■ 
+ c a S 2 % V- 2 + b l c£ 2 0gl6gv m - 3 + . . 
+ c&6£*-* + . . . ; 
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and if a + b + c+e=m, we have 

+ cJglSf**- * + b 1 c 1 6§l6 s l6^7ir m - i + b&0$i6$P6pr— -f 
+ cj&6£**-* +b 1 c 2 6$'6gd()ea' 

+eM£* m ~ l +b l eM£tog**-* +b i e$6q*V6p*-* + 

+ c,«^AV- a + b^epibd^dgTr" 1 - 3 + 

+e*jMgP6£x m -'. + 

+e 2 c,S 2 ^%V m - 3 + 

Hence we see that if a+5+c+e -\-l-=n, the general term of t*% n e dg7r c dg7r b 6gir tt 

will be 

2\c, o ...Z^...^y«%.^- s , 

where the sum 2 extends to all values of « 5 c . . .l„ included in the equation 

b +c + +h=s; 

and if (r) be the number of the factors 6g, we shall have 

a% . . . T e ^ c ^T 6 ^T a =(^)V m +{J 1 (^y- 1 ^+c 1 (%)'-- 2 §(%) 2 +g 1 (^)'--X^) 3 + . . .}T m - 1 

+{^r*H^^r w+«.(*r*(%) , + • •• +»4^^ 

+ M(^r 3 W^ + • • • .}t»- 2 +&c. + 2^„ • • • ^ • • • ^^^"-+ • • m 
and hence we shall have 

where 5J„ extends to all values of b„c . . . included in the equation 

b +c +e 9 +... +l =s, 

and S m to all values of abc included in the equation 

«+#+<?+ -\-l=m. 

Now the general term of the binomial (w+flg)" will be the term involving v? in the 
sum of 

S(^-'%), S(^- 2 5g 2 ), &c. 
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Hence we easily see that the coefficient of <iF in the binomial is 

+2L„sU-A c *o • • • • l $°k • • • *■¥■*?+ 

where 

a-\-b-\-c-\-e-{- ... . I =n—v 

K+c<>+ .... +Z =»— p— v. 
I shall next investigate the general term of the symbolical product, 

Or+0.g)Or+0.g)(T+0.§) Or+W 

Now 

(* + M(* + fl »0(* + *.f) = ^ + ( fl lf^+^«^ + *^*) 

(7r+5 1? )(x+a 2? )( 7 r+a 3? )(7r+^)=7r*+(6 1? 7r 3 + 7r9 2? ^+^3 ?7 r+ 7 r 3 9 4? ) 
+(9 1 gQ 2? ^+^g^3g7r+TQ 2 g93g7r+fiigT 2 94g+^2gT94g+^3 ? 3 4? ) 

Hence we deduce the following law of multiplication in this case. 
Consider the symbolical expression 



where 



^(gWgK^g) A&K. 

a-\-b+c+ +s=n—r, (1.) 

a x = a+1, 

§ 2 = a+b+2, 

c 3 = a-\-b+c+3, 

Sec. = &c, 

Z r = a+b+c+....+l+r, 

and let a, 9, o, ... 8 have all the values which can be assigned consistently with equation 
(1.); the sum of the symbolical terms thus formed will be that group of the symbolical 
product in which the factor tt occurs (»— r) times. And by giving (r) the successive 
values 0, 1, 2, 3 . . . n, we obtain the entire product, and may write 

Or+0ig)(T+0*g)(*-+03g) .... ( 5 r+Q n g)=7r«+^ 1 gT B - l +^ 1 gd 2 ?^- a +^ I? ^6 3 §7r n - 3 + . . . 

where S&gw"- 1 , &c. are the groups we have just considered. 

4 a 2 
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Now if vf/, <p, are any functions of (§), and a-\-b-\-c-\-e=m, we have 

7r e 4/7r c <p7r^7r a =='4/<pS7r m +S 1 i}/<p^7r m - 1 + £ 2 ^<pS 2 fl7r m - 2 + 

+C 2 ^ 2 <J3^ m - 2 -f 

where h iy c„ &c. have their original significations. 

Hence we see that the general term of 7r'0jg ..... 3r%_^)ir%_^Tr%q . tt" is 

2b h C Co %!>%<> . . . &?_A-.(g)^r(g>r"-% 

where 

a+b -\-c +e + • • • +1 =^5 

hence the general term of 5$ig0 2 g0 3 g ... 3 r gT m is 

X£A/v • . ^H +J $ . . . ^9, +(!+ ... +^ - 2 (?)• s<,0 ^ + a + ... ^ -l(?)^ +s+c+e+ ... + 4y w ~ , ; 

and we find the symbolical coefficient of if- in (ff+3,g)(T4-9 2 ?)(^ +3 3 §). . . (t-J-0„§) to be 

+&C.+ V^-,-AvV • • W+&) • • • ^ +e+ ...Uf)H + c +e+ ..,- 1 (§)S^ +4+c+a+ ... + ^)H-&c. 
n '" ' a-\-b -\-c -f- • • > -\-l =n—v, 

K+c<>+ • • • +l =n—(jt,—». 

Let us now expand the binomial (t 2 +9(§)5t)". We might of course do this by putting 

3,g=9 3 g=5 6 f = ... 
2? =0 4? =9 6? =O 

in the previous investigation, but we shall proceed as follows : — 

(tt 2 +% . ^"rrTr^+^Tr 2 )"- 1 ^ . 7r)+S(0"- 2 (% . :r) 2 +&C.+S( 7 r 2 )'-'-(0 ? . *■)'+ 

and the general term of S(?r 2 ) m (0g . ?r) r will be 

% m % s (2b+lU2c+l) Cl .... (2^§ • • • W g W««*"+-', 
where 

«+# +c + +^ =«) 

and the symbolical coefficient of it* in the binomial will be 

^- 1 ^-,- 1 (2i)^9( ? )+^_ 2 S 2B _,_ 2 (25+l)42 C )>d( ? )SM(g)+ . . . 
+S„_^.,-,(2S+i) io (2 C +l) eo .... (20^g . . . SMg, 
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where 

a-\-b +c + . . . -\-l -=n—v, 

*o+c + • • • +l =2n— [/,—». 
To determine the general term in the expansion of the multinomial expression 

(x ra +0 1 gx n - 1 +0 2 g?r' , - 2 +03 ? 7r' , - 8 + . . . ) m . 
This reduces itself to finding the symbolical coefficient of a* in the expression 

where «+/3-f-y+ =m, and 7r", 6 1 qir n ~\ Sec. are combined in every possible way so 

that tt" should occur (a) times, 0,g7r""" 1 (/3) times, 2g tt* -2 (y) times, &c. irrespective of ' 
position, — or, in other words, to determining the symbolical coefficient of it 1 " in the 
expression 

ff rta '(0 1? x M - l ) s '(0 2? T"- 2 )*(0 3? 5r"- 3 ) ? ' . . «**(fl,g«*" 1 )*(fl^«*" , )*(fl^»*- , ) & .. • 7r Ma3 (fl 1 gx' , - 1 )ft(9 2 g7r"- 2 )^(fl 3 g7r M - 3 )^ . ., 

where 

«i+a2 + «3+ =«> 

A +&+&+.... =ft 

71 + 72+73+ =7, &c. 

Now the symbolical coefficient of 

nm— (/3+2y+3£+ .... )— s 

in the preceding expression will be as follows : — 

2 ■ ■ (»— 3)g(»— 8)$« . . (£, factors)(»— 2)^(n—2),« . . (y 3 factorsX»— l)/aj(»— l)tf . . (ft factors)(w« 3 )^ . . 
(»-%(**— 3 )?i' • • (?• fectors)(»— 2) y ^»— 2)^- . . (y 2 factors)(w— l)tf(n— l)tf . . (j3. factors)(«« 2 )^ . . 
(w— 3) ? ;(»— 3)?;' . . (£, factors)(%— 2) y ;(%— 2) y ;' . . (y, factors)(n— l) fi ;(%— 1)^» . . (/3, factor s)(w«,)„; 

S"i fl lg ^i S lg ^' S lg . . . l*t 2g S< 2g . . . #'i 3g . . . 

a-; lS # A I? ^ s lg . . . y; a 2g ^ s 2g . . . & ? ; fl, g . . . 

rtfl.gj'ifl.g^fl.g . . . &*i0 rf &*ifl,gV. . &'fl 8 &> . . . &c, 

where the sum of the indices of h must equal (s). 
From this expression, by putting 

nm— (/3+2y+3£-|- .... )—s=p, 

the symbolical coefficient of «* in the expression of the given multinomial may be 
immediately deduced. 

There are certain methods of expressing the differential coefficients of implicit 
functions by means of symbolical notation which I notice in this place, as the method 
of summation employed for that purpose is similar to some of the symbolical summa- 
tions we have already considered in this paper. 
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Let F(#, y) be a function of w and y, y being a function of (#), and y u y 2 , y a , . , . . the 
successive differential coefficients of (y). Then 

dF _d¥ dF 
dx dx ' dy " 1 ' 

dw^~dic 2+J 'd!edy^ l+ df^ 1+ dy^ 2 ' 

d a F_d 3 l , o d 3 F a i 3 F , rf 3 F <Z 2 F ,„<* 2 F <ZF 

dzp-dx 8 "T~ 6 dw*dyy> + 6 dxdyty^ dy s U^ 6 dxd y y*+ 6 ly T y$* + ~dy~y 3 ' 

<& 4 — <fe 4 " t " 4 ^^y^ I + t) &^ 2 2' 1 + 4: & 2 ^ 3 2''+ % 4 #i 

+ 6 ^{^¥ + 2 My~*y*+ W) + ^dxT y ys+ dp( 4 Ms + 3$)+ Ty y v 

Now let V r m „ be the coefficient of " " F in the expansion of %±-- Then 

dx m dy n r dx r 

^F_ ^F , gF . r—1 d-'F , r-l r—2 d r F 

dx r dx r " + " daf-'dyy 1 ^ ' 2 dx^dy^ 2 ^ 2 ' 3 * dsf -*&?$* 

^ 2 *'(<fe-»«%r^ r > dx r -Hy*y^ 1.2 dx*-*df y ^ °'j 

_ L <fr- g F Tr -« , <P-*F TF -2 rf-- 2 F Tr - 2 

"** Af-^ r - 3 ' 1 "^ «&'-% 2 u '-«.»t- & r-5^8 ^,-5,3+ • • • 



<fr- 3 F yrr-3 , M TTM 






We easily obtain this law of coefficients, 



j 

U' TT Cr_1) _L..M TT (r '" 1) _LTT r_1 
m,n — dx m > n ' # l »>> »-l~T u m-l, » ' 



whence 



*>» — <te °> »' y> °> B_1 
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Let n—v=l, then UJ ) „_„=UJ >1 =# 1 , and Uo ) „=TJJ )a _ 1 =&c.=0. Hence 

where S( ( ur-» y'i~ 1 ) denotes the sum of all the symbolical products in which -r- occurs 

r— w times, and y x (n— 1) times. 
We have 

from which, substituting for Uo" 1 the value just obtained, U' liB may be found in a similar 
manner, and so we may proceed. I shall not, however, enter upon these higher coeffi- 
cients, my object being principally to call attention to the use of symbolical expressions 
in expansions of this nature. 

The subject of implicit differentiation has been treated by Mr. Geokge Scott of 
Trinity College, Dublin, in a very elegant paper in the Quarterly Journal of Mathe- 
matics, vol. iv. p. 77. His results have great generality, but do not appear to include 
the above. 



